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ABSTRACT
In this paper we consider sets of strings of the form 0l 1 0k 1 0m. We studied the problem of constructing the Shortest Common Superstring for specific families with a fixed k. We also looked at a common Greedy Algorithm which constructs the shortest superstring given two strings. We proved that given n strings in a family with fixed k, if we consider a graph (V,E) with edges consisting of the strings in the set, and weighted edges representing the length of the maximal overlap between the strings, the shortest superstring corresponds to the maximum weight Hamiltonian cycle. We also proved that for the same set of strings fixed k, the Greedy Algorithm is cyclical and produces an optimal solution.    

1. INTRODUCTION

It would difficult to find someone who is not aware of the potential benefits afforded through decoding the DNA Genome.  From television crime dramas to protest over genetically modified food the public is bombarded with scientific uses of DNA information.  Behind this Pop-culture veneer the benefits of being able to read and modify the DNA sequence are numerous and real.  Breakthroughs in genetic diagnosis and treatment of disease, crop production, and improved forensic techniques have already occurred, with greater promises implied, provided we can read the DNA.  This is the whole purpose behind the Human Genome Project.  As of this writing, science can not read through the billions of digits encoded in the DNA molecule.  Instead the most common method used for reading the genome necessitates the cutting of DNA molecule into short strands of about 500 bases, called “gel electrophoresis”.  

The first step in electrophoresis is called Restrictive Digestion.  This technique requires the marking of the prefix of the DNA with a marker, then the use of restrictive enzymes (RE) to cut the DNA molecule into small fragments, each with a given end-base.  REs are restrictive in that they target and cut after specific sequences within the DNA molecule.  These restrictive enzymes are mixed with DNA in a solution, but it is not quite as simple as that.  Since these REs are proteins, they react at different rates dependent upon variations of temperature, salinity, and acidity.  This is used as a means of physical control by subjecting the mixture to an environment optimized for one particular enzyme-type.  Once restrictive digestion is complete the mixture must be chilled to control for random breakdown of the DNA fragments over time. [
]    

The next phase is the electrophoresis itself.  Since DNA is an organic acid it carries a strong negative electrical charge. [
]  This charge is used to sift the DNA fragments into groupings by the size of the fragment attached to the known end-base.  After all fragments not containing the prefix-mark are removed, the remaining mixture containing the marked DNA fragments is mixed with loading dye and inserted into a gel.  After immersion of the gel into an aqueous solution the mixture is submitted to an electrical field by electrodes located at each end of the container.  With time the fragments migrate toward the positively charged electrode at speeds determined by their weight (size).  This sifts the fragments into separate regions or bands on the gel.[
] [
] [
]  Since larger fragments will continue to be bunched up, this technique is limited in the size of the nucleotide fragments that can be sifted.  The most common electrophoresis techniques had been limited to sifting fragments of about 500 bases. [8]  Recent improvements in gel and solution mixtures allow for higher voltages and new techniques such as “pulse-field” electrophoresis have permitted for the sifting of fragments of up to 6 million bases in size. [2] [7]  Since the DNA Loading Dye travels across the gel at a known speed, it is used to measure the distance traveled by the DNA fragments. [2]   

This leads into the third step of the process called Florescence Microscopy.  The gel is now exposed to ultraviolet light and the DNA appears as bright red bands. [2]  These bands are used to create a restriction map.  This is the familiar slide on which the small stripes appear.

Of course the electrophoresis technique is not perfect, in that the enzymes may not cut at every occurrence of the specified DNA sequence or random deterioration of the fragments may occur prior to the electrophoresis sifting.  For example, let us consider the incredibly short DNA chain below.  

CGAATTAGAGATGGATCCAT

In order to decipher the sequence we need to obtain a sufficient supply of it, usually through cloning. [2]  Then the prefix is marked and portions are subjected to the electrophoresis process.  One portion undergoes restrictive digestion cuts at “A”, another at “C”, “G”, and “T”.  If we ignore random deterioration the REs will target their target base, but a cut at each targeted-base is not guaranteed.  A hypothetical result might be:

A-Cutting RE:

CGA | ATTAGA | GATGGATCCAT

CGAATTA | GAGATGGATCCAT

CGAA | TTAGAGATGGATCCAT

CGAATTAGAGATGGATCCAT

CGAATTAGAGA | TGGATCCAT

The non-marked fragments are then removed and the remaining prefixes are sifted into the gel color-bands as follows:

C-A 

C--A 

C-----A 

C---------A 

C-------------------

From these fragment prefixes we can begin to piece together the DNA sequence.  From the Electrophoresis we know the original DNA sequence was 20 bases long.  We now know that an “A” base is located at positions 3, 4, 7, and 11.  If we repeat this procedure for several times to verify the location of the “A”-bases and repeat for the other bases we can eventually decode the entire sequence.  

Obviously, this procedure works well for our short sequence, but the time needed to arrive at a solution grows exponentially as the number of input items (the sequence string) grows.  To counteract this intractable problem computational biologists have turned to a discrete mathematical technique of use in computer science for data compression.  This technique is called the Shortest Common Superstring (SCS) which has been proven to be MAX SNP-Hard. [8] [13] [14]

2. BACKGROUND OF THE MATHEMATICAL PROBLEM.

The following background information on the problem of finding the shortest superstring problem (SCS) is taken from a paper written by our advisor, Elizaberh “Z.” Sweedyk[13]. Since SS is NP hard, it is unlikely that that the length of the shortest superstring can be approximated to within an arbitrary constant.  Several linear approximation algorithms for obtaining the shortest superstring have been proposed.  A p-approximation algorithm for SS produces a superstring of length at most p times the length of the optimal superstring.  Blum et al.[8] gave the first linear approximation bound for SS; they showed that  GREEDY is a 4-approximation algorithm and also gave a GREEDY variant that gives a 3-approximation.  The 3-approximation factor was improved in a series of papers yielding approximation ratios of 
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3. PRELIMINARIES

A string s over an alphabet ( is a finite sequence containing symbols of (. The length of the string is the number of symbols in the string. The empty string is a string with no symbols denoted (. For example, 0010 is a string over the alphabet {0,1}. A substring of a string s is a consecutive sequence of symbols in s. For example, 01 is a substring of 0010. If t is a substring of s, we will write t ( s.

Definition:

Given a set of strings S, a common superstring of S is a string ( that contains each 
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 as a substring. Such a superstring always exists; concatenating every element of S is one example. The superstring with the shortest length is called the Shortest Common Superstring (SCS). 

We can always assume, without loss of generality, that the set of strings is free of substrings, since if given s,, sj 
[image: image6.wmf] S such that si ( sj, just replace both of them by sj.
A sequence of symbols occurring at the beginning of a string is called a prefix, and similarly, a suffix is a sequence of symbols occurring at the end of a string. For example, in the string 00010, 000 is a prefix, and 010 is a suffix. Given two strings s and t, the overlap of s with t, denoted by ov(s,t)  is the largest suffix of s that is also a prefix of t. An example is given in Figure 1.

Figure 1

Let s =  000010000100  and t = 0100001000

Align:       00001000 0100
The overlap here has length 8

            01 00001000                    
 ov (t,s).

Align: 
       010000100 0
The overlap here has length 9.


000 010000100

 ov (s,t)  

Note that overlap is not a symmetric function.

Let u be the ov (s,t); rewrite s = s’u, and t = ut’. We define the merge (s,t) to be the string s’ut’. An example is given in Figure 2 below.

Continuing the example of Figure 1, using the ov (s,t) we construct the merge below:




      s’       u             t’


         
                000 010000100 0





Figure 2
A commonly used Greedy Algorithm for SCS is shown below.

Greedy Algorithm:
1. If S contains a single string, we are done.

2. Otherwise, find s, t 
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S such that overlap (s,t) is  the longest overlap. If there is a tie, make an arbitrary choice.

3. Replace s, t 
[image: image8.wmf]S by merge (s,t)

4.   Repeat until only one string remains.

As described earlier, finding the SCS is NP-hard. This algorithm is locally optimal, which means that given any two strings, it will find their shortest common superstring.

Theorem 1

Given two strings s1 and s2, of length n and p respectively, then Greedy will give the shortest merge.
Proof:

Align the strings prefix to suffix, or suffix to prefix depending on which gives the longest overlap. Both strings together have total length n + p. Now construct the merge by taking just one copy of the overlap, and attaching the parts that do not overlap to the left and to the right respectively. Since we removed one copy of the overlap, we subtracted its length from the total length, therefore the length of the remaining string is n + p – s. This new string contains both original strings, because it contains the sequence before the overlap + the overlap of the string with prefix overlapping section, and the overlap + the sequence on its right of the string with suffix overlapping section. This merge is the shortest superstring containing s1 and s2 because we subtracted the longest overlap.(
Although Greedy is locally optimal, it will not always yield the optimal solution for more than two strings. For example, Let S = {ababc, cabab, babab}. Greedy, according to its tie-breaking rule, would produce one of the following solutions: cababababc, and bababcabab. However, the shortest common superstring is cabababc.

4. K-FAMILIES OF STRINGS

In this paper we will examine the problem of finding SCS using the Greedy Algorithm for a specific set of strings. 

We consider strings of the form 
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 for values of k ≥ 1, and 0 ( l, m ( k. For a fixed k, we will call the set of all such strings the k-family. 

Some examples are: 0100100 from the 2-family, 101 from the 1-family, and  00010001 from the 3-family.   

We will sometimes refer to the sequence of l zeros in the string as the zero prefix sequence, and the sequence of m zeros as the zero suffix sequence.

In this paper we will prove that for a set of strings in a k-family the Greedy Algorithm will create the Shortest Common Superstring.

Optimal Greed Theorem:
Given a set S of input strings from a k-family, Greedy produces the Shortest Common Superstring.

Lemma 1`

Given two strings sq and sr, then sq ( sr if and only if  lq ≤ lr and mq ≤ mr
Proof: Let lq ≤ lr and mq ≤ mr. Since the two strings are in the same family, the two middle parts, containing the two ones and the sequence of k zeros, are the same. Because lq ≤ lr and mq ≤ mr, the prefix sequence of zeros of sq is contained in the prefix sequence of zeros of sr, and the suffix sequence of zeros of sq is contained in the suffix sequence of zeros of sr. Therefore the whole string sq is contained in the string sr. 

Let sq ( sr. Again, the middle sections are the same, so we just need to look at the prefix and suffix sequences of sq. But each of these must be contained in the respective prefix and suffix sequences of sr given the containment relationship. Therefore, lq and mq must each be smaller that lr and mr respectively.

(
Corollary

A set S = {s1, s2,…sn} of strings are substring  free if  

{li < lj and mi > mj}or {li > lj and mi < mj}  

Definitions:
Given a set S of strings in a fixed k-family of strings, we will arbitrarily assign an order to the strings in S.  For sg, sh 
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S, we will say that sg < sh if lg < lh and mg > mh.  A substring free set of strings S = {s1, s2,…,sn }is in the natural order if and only if l1 < l2 < …<ln  and m1 > m2 >…>mn.  

The strings in Figure 2 for example, are in the natural order.

Lemma 2 

Given two strings si < sj, then merge (sj, si) will align both ones. 

Proof: Since, si < sj , by definition of natural order, li < lj, Therefore when we begin with sj, its sequence of  lj zeros will extend to the left. As we continue with si, its sequence of li zeros being smaller will match some zeroes of sj, and then the ones will also match (see figure 2). On the other hand, since mj < mi, the last group of zeros of si will extend beyond to the right.

( 

Figure 2.

Example: s1 =       10010 0           The two strings are in their natural order.


      s2= 00 10010              The alignment shown (s2 to s1) begins with 





        s2 and continues with s1.   

Theorem 2
Given two strings s1 < s2, then

1. ov (s2 , s1) is  
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  and has length k + 2 + l1 + m2 

2.  ov (s1, s2)  is 
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 and has length l2 + m1 + 1
Proof: 1. By Lemma 4, ov (s2 , s1) will align both ones and the middle part of the sequence. 

Since l1 < l2 and m1 > m2, the two aligned sequences are:

s1:                            
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                        s2:                   
[image: image20.wmf]0

l

2

-

l

1
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The prefix sequence of zeros in s1 is smaller than the corresponding sequence of zeros in s2. The two middle parts containing the two ones and the group of k zeros are the same. The suffix sequence of zeros in s2 is smaller than the corresponding sequence of zeros in s2. Therefore, we have that the overlap is 
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2. Since l1 < l2 < k , and m2 < m1 < k, we have the following s1 to s2 alignment:

s2:                            
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s1:
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Therefore, the overlap is 
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Hence the lengths are k + 2 + l1 + m2 and l2 + m1 + 1 respectively.  (
Lemma 3 
Given two strings, the shortest common superstring is given by the greatest overlap.

Proof: The length of a superstring is equal to the sum of the lengths of the two strings minus the length of the overlap. Therefore, if the overlap is maximal, the length of the superstring will be minimal.  (
Theorem 3 

Given two strings si < sj,  the lengths of the two superstrings formed by the two possible overlaps are:  

k + 2 + lj + mi for ov(sj , si)  and 

2k + 3 + li + mj for ov(si , sj). 
Proof: Given two strings si < sj align them sj to si. By theorem 1, the overlap has length 

k + 2 + li + mj. By Lemma 3, the length of the superstring is 

(2k + 4 + li + lj + mi + mj) – (k + 2 + li + mj) = k + 2 + lj + mi .

If on the other hand we overlap them si to sj, by the same argument, the length of the superstring will be:
(2k + 4 + li + lj + mi + mj) – (lj + mi + 1)
 2k + 3 + li + mj . (
 Theorem 4

1. The two superstrings are equal when k + 1 = (lj – li) + (mi – mj).
2. The optimal superstring is the one which aligns both ones when 

k + 1 >  (lj – li) + (mi – mj).

3. The optimal superstring is the one which does not align both ones when

k + 1 < (lj – li) + (mi – mj).

Proof:  1. If the two superstrings are equal, we have:

2k + 3 + li + mj = k + 2 + lj + mi
k + 1 = (lj – li)+ (mi – mj) .

2. If the optimal alignment is sj to si (ones are aligned), we have:

 2k + 3 + li + mj  >  k + 2 + lj + mi

 k + 1 > (lj – li)+ (mi – mj).

3. If the optimal alignment is si to sj  (only one 1 is aligned), we have:

  2k + 3 + li + mj  <  k + 2 + lj + mi

   k + 1 < (lj – li)+ (mi – mj) .  (
Theorem 5:

Given a set S of 3 or more naturally ordered strings, the Greedy Algorithm will proceed in a cyclic order. 

Proof: Let si be an element of S. Greedy must find another sj in S  which gives the maximum overlap with si. 

If it matches si to sj, the length of the overlap is lj + mi + k + 2. Since lj cannot be changed, we must choose the string with the greatest mi. Since S is naturally ordered, the string with the greatest mi is si-1.

If it matches sj to si, the overlap is lj + 1 + mi. Since we cannot change mi, it must maximize lj. Because of the natural ordering of S, the string that has the greatest lj is si+1
(See Figure 3).

Therefore, Greedy will pick either si+1 , the string which comes right after si, or si-1 the string that comes after si in the natural order, to construct the optimal superstring sp. 

But ov (si, si-1) has length k + 2 + li-1 + mi, and ov(si ,si+1)  has length li + 1 + mi+1.

Since li < k, and mi+1 < mi , we have that the first overlap is greater than the second, therefore Greedy will always chose to merge a string with the string right before it, until it has to find a match for s1. In this case, the greatest overlap will be ov (s1, sn), whose length is ln + 1 + m1 , which is longer than length of ov (s1, s2) =  l2 +1 + m1 , 

since ln > l2
(
  
Figure 3

      li       k         mi      

The three strings on the left are in the natural order.

The vertical lines show the place where the ones occur.     

Theorem 6

Given a set of naturally ordered strings, the maximum weight Hamiltonian path corresponds to the shortest superstring.  

Proof:  Let S = {s1, s2,…,sn} be a set of strings in natural order. For every 1≤ i ≠ j ≤ n, let wij be the length of the overlap (si, sj).  Construct a directed graph G(V,E), where the set of vertices V  are the elements of S, and the set of edges E are the overlaps (si, sj). The weights on the edges are the lengths of the overlaps, wij (see figure 4). If we proceed clockwise or counterclockwise the weights of the edges are in increasing order, since the Greedy Algorithm, which maximizes the overlaps between any two strings, proceeds in cyclic order by Theorem 4.

                                                       

Figure 4                                                                    If we pick the first edge eij = (si,sj) to be the one with 




        the largest weight, then the edge with





        the next largest weight is ejk .Continue this procedure  





        until we are back to the original vertex. In this way, we





        get a complete Hamiltonian cycle. (
Optimal Greed Theorem

Given a set S of input strings from a k-family, Greedy produces the Shortest Common Superstring.

Proof: Without loss of generality, name the strings s1, s2,…sn according to natural order. By Theorems 5 and 6, Greedy will proceed through the Hamiltonian cycle, therefore producing the shortest common superstring.  

(
4. TOPICS FOR FURTHER RESEARCH.
In 1996 our advisor, Elizabeth “Z” Sweedyk, showed that Greedy Algorithm will produce a superstring that is never more than two and a half times the optimal superstring and no one has improved on this so far [7]. The family of strings considered in this paper may shed light on this problem. Indeed, as shown in this paper when the set of strings are from the same k-family, the Greedy Algorithm produces the optimal superstring. It can be shown that for sets of strings from different k-families, the Greedy Algorithm will not always produce the optimal superstring. However, it has been conjectured that the worst that Greedy will do in this case is twice the length of the optimal superstring. Moreover, it may be that a proof of this result for these special types of strings could serve as a guide for obtaining this result for the general case of any set of strings. Clearly then, the next step is to investigate sets of string from different k-families.
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